We study the Cauchy problem of a weakly dissipative modified two-component periodic CamassaHolm equation. We first establish the local well-posedness result. Then we derive the precise blowup scenario and the blow-up rate for strong solutions to the system. Finally, we present two blowup results for strong solutions to the system.
Introduction
In this paper, we consider the Cauchy problem of the following weakly dissipative modified two-component Camassa-Holm system:
x ρ − ρ 0 , u denotes the velocity field, ρ 0 is taken to be a constant, and g is the downward constant acceleration of gravity in applications to shallow water waves. This MCH2 system admits peaked solutions in the velocity and average density, we refer this to 16 for details. There, the authors analytically identified the steepening mechanism that allows the singular solutions to emerge from smooth spatially confined initial data. They found that wave breaking in the fluid velocity does not imply singularity in the pointwise density ρ at the point of vertical slope. Some other recent work can be found in [17] [18] [19] [20] [21] [22] [23] [24] [25] . We find that the MCH2 system is expressed in terms of an averaged or filtered density ρ in analogy to the relation between momentum and velocity by setting
x ρ − ρ 0 , but it may not be integrable unlike the CH2 system. The important point here is that MCH2 has the following conservation law: which play a crucial role in the study of 1.3 . Noting that for the CH2 system, we cannot obtain the conservation of H 1 norm. In general, it is quite difficult to avoid energy dissipation mechanisms in a real world. Ghidaglia 26 studies the long time behaviour of solutions to the weakly dissipative KdV equation as a finite-dimensional dynamical system. Recently, Hu and Yin 27 study the blow-up and blow-up rate of solutions to a weakly dissipative periodic rod equation. In 28, 29 , Hu considered global existence and blow-up phenomena for a weakly dissipative two-component Camassa-Holm system on the circle and on the line. However, 1.1 on the circle periodic case has not been studied yet. The aim of this paper is to study the blowup phenomena of the strong solutions to 1.1 . We find that the behavior of solutions to the weakly dissipative modified two-component periodic Camassa-Holm system 1.1 is similar to that of the modified two-component Camassa-Holm system 1.3 , such as the local wellposedness and the blow-up scenario. In addition, we also find that the blow-up rate of 1.1 is not affected by the weakly dissipative term, but the occurrence of blow-up of 1.1 is affected by the dissipative parameter.
This paper is organized as follows: In Section 2, we establish local well-posedness of the Cauchy problem associated with 1.1 . In Section 3, we derive precise the blowup scenario of strong solution and the blow-up rate. In Section 4, we discuss the blow-up phenomena of 1.1 .
Local Well-Posedness
In this section, by applying Kato's semigroup theory 30 , we can obtain the local wellposedness for the Cauchy problem of 1 
In order to prove Theorem 2.2 by applying Theorem 2.1, we only need to verify A z and f z which satisfy the conditions i -iii . We break the argument into several lemmas.
Lemma 2.3. The operator
The proof of the above five lemmas can be done similarly as in 8 , therefore we omit it here.
Hence, according to Kato's theorem Theorem 2.1 , in order to prove Theorem 2.2, we only need to verify condition iii , that is, we need to prove the following lemma.
Then f is bounded on bounded sets in H s × H s and satisfies 
The Precise Blow-Up Scenario and Blow-Up Rate
In this section, we present the precise blow-up scenario and the blow-up rate for strong solutions to 2.7 .
/2, and let T be the maximal existence time of the solution z u, γ to 2.7 with the initial data z 0 . Then for all t ∈ 0, T , we have
In view of the identity −∂ 2 x p * f f − p * f, we can obtain from 2.7 ,
Therefore, an integration by parts yields
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Thus, the statement of the conservation law follows. 
for all t ∈ 0, T . 
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The proof of the theorem is similar to the proof of Theorem 3.1 in 20 , we omit it here. Consider the following differential equation equation:
where u denotes the first component of the solution z to 2.7 . Applying classical results in the theory of ordinary differential equations, one can obtain the following result on q which is crucial in the proof of blow-up scenario. 
The following result is proved only with regard to r 3, since we can obtain the same conclusion for the general case r > 3/2 by using Theorem 2.1 and a simple density argument.
We now present a precise blow-up scenario for strong solutions to 2.6 . 
Proof. Multiplying the first equation in 2.6 by m u − u xx and integrating by parts, we obtain
3.12
Repeating the same procedure to the second equation in 2.6 we get
A combination of 3.7 and 3.9 yields 
3.15
Similarly,
A combination of 3.12 -3.16 yields
Assume that there exists M 1 > 0 and M 2 > 0 such that u x t, x ≥ −M 1 and γ x t, · L ∞ ≤ M 2 for all t, x ∈ 0, T × R, then it follows from Lemma 2.4 that 
